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②
Goal

Give explicit map

F
p > So

,D,

moduli space of moduli space of
P-polarised abelian 8-folds
13 surfaces, with polarisation type D
P : &K 14 Lattice Enda(A) >F

, Frh
(**) : det . of quad . form

on P is a sqin Q
*



Gettings ③

E Any 13 XBanalgebra irregularitisi

ie .

·
P : lattice ofe r

, signature (1, -1)

St .

P1U* E8H)02
primitive SI

H2CX,2)

croughLet X has a P-polarisation of
I P-Pic(x)>Hi*)1H"AprimitiveSt . Im(P) -> ample live bundle



· H*(X
,
2) has a we 2 Hodge structure (HS) ⑪

i .e . Hix
,
() = Hi(X)H"(x)H

I(X)
,
Hir(x)=(x)

↓
dim I V 20 I

P

Note V has HS :

determined by H
**

(X) < To Ve =VzV" Vi2
dim 1 nI

defined T : = P

"transcendental Lattice" then V has as

"of K3 type"
* Assume all PrFinitive Pic(X) lie in same orbit of O(Ac)



⑤
· The Global Torelli Theorem is true forKP

Sut 2 HS on H2X
, 23

i .e . Kp = a & Period domainE

Hodge isometries 5xp
Sot12,20-r3,
- MP) SO(2)xSo (20 -r)

Because : SoT (2, 20-r)transitive D3
stabiliser subgup : S0(2)XSO(20 -1)

gep of Hodge isom: ↑(P)< SOT2
,
20-2)

arithmetic



6
12 abelian variety A= (T

,
J

,
L)

T=* E, A = Lattice <IR2

J = Complex structure ofAr
⑪

wt 1 HS on HCA ,2)

L = polarisation = ample love bundle
H derive

matrix D "polarisation type"



G
Crough)

1

let An endomorphism structure
of an abelian variety A is=N F- Enda (A)
L P

Sit anti-invol .

c extends to the Rosati involP
S (

antinvol
c(xy) = ((y)((x) induced by pol . Op

P(f) = D%of $



②
Goal

Give explicit map

F
p > So

,D,

moduli space of moduli space of
P-polarised abelian 8-folds
13 surfaces, with polarisation type D
P : &K 14 Lattice Enda(A) > F

, Fr = I

c : Conjugation
"totally definite quaternion mult.

"



⑧
· Torelli The is also true for Same

o
Period

Azm
,die

Ewt/Hson HCA
,23domana-

Sot(2m)
--= TGM,

D
, (H) u(m)

Navith .

Soz(2m) Is(2m ,c)1 AutH(R
+

m) <MimUIR,
aut

.
of R* as H-mod.



Motivation ⑨
Fact
-

For r= ek(P) -14

Da Dr
- &

period domain of Kp Period domain of mod . sp . M

of some diff . (pol . ) goom . objects

As

-So
,
D,



4 ⑩
so t(2SO(z)XSO(6) sou(4)
-De,D -

50
,4

↓ /T(P) ↓ /+(p) Fequirariant
F

Kp--> 50
,4

& ↑
im6dim6



More Background ⑪
R = X

,
Q ,R (V, q) : R-mod/v. space + quadratic form

Aet
cesford algebra over V

C(V) : = TCV1-
tensor alg.Segars

from
I(V)= relation on multiplication

Notation
If V= R(+, n- )Athenwrite cenn) := cer)



Propertiesof Clifford algebra

· (l(v) = Ce
+(v) @ce-(V)

even odd (22-grading
· Cl(V)a product of matrix algebsas

EX

-Cl+(2,6)= (l(2,5)= My (H1)xMp (H))



· Spin(V) < (1
=(V) 1C +CV) ⑬

spin gep
* grp of units

When VIR"
, sig

= (n
+, n - ) where M-n- Omod 4

t

identity
- Spin (V) has 3 inequivalent representations

component

Spin (V)> Ma(W+) # Ma (We

*Ve U
Sot(V) So(W+) SoW

-)



Construct F #
mod of
ab

.
64-folds

Aot
KS(T

,v)

(ce+ech
,

5
,

4) ,
T S

AXA .
A +, A-simple ab

. 8-folds
A+ + A-

KS Ti
S

F:P S
So

,
D
,
i

[reTI+Pi(x1]
I At

S
V

TC=KvT"Ki (T
, Jim

,
L)

HS of K3 type



-As ⑮
-

(c)
,

J
, 2)

F : Kp KS AFAI
-

Ti As
,, in

(reT)
~

A
+

= (T
, J(m

,Hi)

Emk · Fi(v] +> (5)+> [JI]

· F descends from F :Dx-DSo
,
D,

VJ J
,



F descends from F : Dep->DA
,
D,
⑯

VJ J
,

Explanation
V has HS

#

Egphomo M-> Hdg()-> EL(V)
EXc(+ (Nm(x) = 13J=> Spint (2,6)

M N equivariant !-
C SO+ (2, 6) SoT(8)



-As ⑮
(ii)

,

J
, 2)

7

TiF : Kp KS AIA
-

"As t
(reT)

~

A
+

= (T
, J(m

,Hi)

Emk · Fi(v] +> (5)+> [JI]

· F descends from F :Dx-DSo
,
D,

VJ J
,

· F is a holomorphic local diffeomorphism
-> extends to Satake- Baily - Borel comp.



What is left : ⑰
gram KSCT

,v) Aix ... xA4xAsX ... x As
--

↓ simplify +
~At ~A-

TACT)

End, alg. ~
A

,
= [m(d

, E ,
)

X

↓ simperty A
End(KS(T)·Cl+(T)

Clifford alg. 1
,

= d
. E, Cl

+CT)

↓ simplify CFT)

Matrix algebra fix CliCTal -Ma(F) xMq(F)
,
Fr =t

(xx)



Facts on simple decomp . of ab . varietyA

Fact I =2

elea3dempoteisE 3=A = Im(dE)1 u
IdeZso St

.
dE-End

minium



Facts on simple decomp . of ab . variety A ⑲

Fact2 (Poincare's complete reducibility thm)

An Adi (Aisimple, AitAj if itj)
off Enda(A)= Mai (Enda (Ai)J

(**)

Ch(T) = Ma(F) xMaCF) , FREtt
4die (100) x Ideo symmetric dempolent



How to Six (l(T) = MaCHa) x MaCHa)⑳
Universal property of Clifford algebra-

mod-homo

4 : V ->A se . Y(r)Y(V)= g(v) · 1AEntranceextends to Cl(V)->A
alg .

homo

Gluing of Clifford algebras graded
tensor product

var' -> Cers Ce(v)
(v ,v)>> val + 1QUzextends to (l(VDVI) EC *CIV)

cla(uni)= Mu(Q)
e .g. T = UQU()#D+(1) enough to fix Cla(Dp(+1)= McCHIQ)

and glue.



Specialisationof F ⑪
Consider LpCKP

XE* p : X : P-polonised, Pre 18 ,
P1 P- Aks primitiveE T : = (P(ii = UPS 3
↓ [Morrison]

X" has Shiodd-Inose structure ass, to ab
,
surf. A

58X
-"

- -> kum(A)) =: Y

i
. e, Splic ↓ Yes St. It induces Hodge ison

T (TX)x : Tx (2)-> Ty



Ihm XE2p => F(X')~ (A')
↑ ⑫

artialproof : KS(X')~A1) 25
Fact1 [Morrison]

=d
Ho(X

,
2)*Ak3 T : = Pit T:=(P)/3
uk 22 ak8 ak4

(D : KS(143)mKS(T1) 218

(2) : KS(T) ~KS(T1) 2
*



Partial proof : KS(X)(A1253

It E2(Morisonsda-Inose- structure ass to A~kS(H2(X ,2)) ~ (A -32
·

(D : KS(143) ~KS(T1)2 = KS(T)) =(A))
"

(2) : KS(T) ~KS(T1) 2
*

=> KS(T) =(Al)
25


